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In this paper, we investigate the generalized Hyers–Ulam stability of the functional
equation
X1

k2 ;...;kn¼0

f x1 þ
Xn

i¼2

ð�1Þki xi

 !
� 2n�1f ðx1Þ � 2n�2

Xn

i¼2

f ðxiÞ þ f ð�xiÞð Þ ¼ 0
for integer values of n such that n P 2, where f is a function from a normed space X to a
Banach space Y. The solutions of the equation are called additive–quadratic mappings.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

A classical question in the theory of functional equations is ‘‘when is it true that a function which approximately satisfies
a functional equation must be somehow close to an exact solution of the equation?’’ Such a problem was formulated by Ulam
in 1940 and is called a stability problem of the functional equation (see [23]). In the following year, Hyers [7] gave a partial
solution of Ulam’s problem for the case of approximate additive functions. Subsequently, during the last seven decades,
Hyers’ theorem was generalized by several mathematicians worldwide in the context of a large variety of functional equa-
tions originating from functional analysis, differential equations, analytic number theory and geometry (cf. [1–6,8–22]).

Throughout this paper, assuming that n P 2 is an integer, X is a normed space, and that Y is a Banach space, we consider
the n-dimensional mixed type additive and quadratic functional equation
X1

k2 ;...;kn¼0

f x1 þ
Xn

i¼2

ð�1Þki xi

 !
� 2n�1f ðx1Þ � 2n�2

Xn

i¼2

f ðxiÞ þ f ð�xiÞð Þ ¼ 0; ð1:1Þ
whose solutions are called quadratic–additive mappings.
In this paper, we investigate a general stability problem for the n-dimensional mixed type additive and quadratic

functional equation (1.1).

2. Generalized Hyers–Ulam stability of equation (1.1)

In this section, we prove the generalized Hyers–Ulam stability of the n-dimensional mixed type additive and quadratic
functional equation (1.1), where n P 2 is some integer.
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Let ðs; tÞ be a fixed element of fð1;1Þ; ð1;�1Þ; ð�1;�1Þg and let u : Xn ! ½0;1Þ be a function satisfying the conditions:
X1
i¼0

4�siuð2six1;2
six2; . . . ;2sixnÞ <1; ð2:1Þ

X1
i¼0

2�tiuð2tix1;2
tix2; . . . ;2tixnÞ <1 ð2:2Þ
for all x1; x2; . . . ; xn 2 X. For convenience, we use the following abbreviations for a given mapping f : X ! Y:
Df ðx1; x2; . . . ; xnÞ :¼
X1

k2 ;...;kn¼0

f x1 þ
Xn

i¼2

ð�1Þki xi

 !
� 2n�1f ðx1Þ � 2n�2

Xn

i¼2

f ðxiÞ þ f ð�xiÞð Þ;

Jmf ðxÞ :¼ 1
2

4�sm f ð2smxÞ þ f ð�2smxÞ
� �

þ 2�tm f ð2tmxÞ � f ð�2tmxÞ
� �� �

Af ðx; yÞ :¼ f ðxþ yÞ � f ðxÞ � f ðyÞ;
Qf ðx; yÞ :¼ f ðxþ yÞ þ f ðx� yÞ � 2f ðxÞ � 2f ðyÞ;

feðxÞ :¼ 1
2

f ðxÞ þ f ð�xÞð Þ;

foðxÞ :¼ 1
2

f ðxÞ � f ð�xÞð Þ
for all x; y; x1; x2; . . . ; xn 2 X and all integers m P 0.
From these notations, if f ð0Þ ¼ 0, we get
Jmf ðxÞ � Jmþ1f ðxÞ ¼ 4s�s;m

2n�1 Df ð2ss;m x;2ss;m x;0; . . . ;0Þsþ 4s�s;m

2n�1 Df ð�2ss;m x;�2ss;m x;0; . . . ;0Þs

þ 2s�t;m

2n�1 Df ð2st;m x;2st;m x; 0; . . . ; 0Þt � 2s�t;m

2n�1 Df ð�2st;m x;�2st;m x;0; . . . ;0Þt ð2:3Þ
for all x 2 X, where sj;m is the integer defined by
sj;m ¼ j mþ 1
2

� �
� 1

2

for j 2 f�1;1g.
If f is a solution of the functional equation Df ðx1; x2; . . . ; xnÞ ¼ 0 for all x1; x2; . . . ; xn 2 X, then f is called a quadratic–additive

mapping.

Lemma 2.1. A mapping f : X ! Y is a solution of ð1:1Þ if and only if fe is a quadratic mapping and fo is an additive mapping.
Proof. Let f : X ! Y satisfy Df ðx1; x2; . . . ; xnÞ ¼ 0. Since f ð0Þ ¼ Df ð0;0;...;0Þ
2n�1 ¼ 0, we get
Qfeðx; yÞ ¼
Dfeðx; y;0; . . . ;0Þ

2n�2 ¼ 0;

Afoðx; yÞ ¼
Dfo

xþy
2 ; xþy

2 ;0; . . . ;0
� �

� Dfo
xþy

2 ; x�y
2 ;0; . . . ;0

� �
2n�2 ¼ 0
for all x; y 2 X, i.e., fe is a quadratic mapping and fo is an additive mapping.
Conversely, assume that fe is a quadratic mapping and fo is an additive mapping. Then we get
Df ðx1; x2; . . . ; xnÞ ¼ Dfeðx1; x2; . . . ; xnÞ þ Dfoðx1; x2; . . . ; xnÞ ¼
X1

k3 ;...;kn¼0

Qfe x1; x2 þ
Xn

i¼3

ð�1Þki xi

 !

þ 2
X1

k4 ;...;kn¼0

Qfe x2; x3 þ
Xn

i¼4

ð�1Þki xi

 !
þ � � � þ 2n�3

X1

kn¼0

Qfe xn�2; xn�1 þ
Xn

i¼n

ð�1Þki xi

 !
þ 2n�2Qfeðxn�1; xnÞ

þ
X1

k2 ;...;kn¼0

Afo x1;
Xn

i¼2

ð�1Þki xi

 !
¼ 0
for all x1; x2; . . . ; xn 2 X, i.e., f is a solution of (1.1). h

In the following theorems, we will investigate the generalized Hyers–Ulam stability problems of the functional equation
(1.1).
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Theorem 2.2. Suppose f : X ! Y is a mapping such that
kDf ðx1; x2; . . . ; xnÞk 6 uðx1; x2; . . . ; xnÞ ð2:4Þ
for all x1; x2; . . . ; xn 2 X with f ð0Þ ¼ 0. Then there exists a quadratic–additive mapping F : X ! Y such that
DFðx1; x2; . . . ; xnÞ ¼ 0
for all x1; x2; . . . ; xn 2 X and
kf ðxÞ � FðxÞk 6
X1
i¼0

UiðxÞ ð2:5Þ
for all x 2 X, where Ui is the mapping defined by
UiðxÞ :¼ 4s�s;i

2n�1 u 2ss;i x;2ss;i x;0; . . . ;0
� �

þu �2ss;i x;�2ss;i x;0; . . . ;0
� �� �

þ 2s�t;i

2n�1 u 2st;i x;2st;i x;0; . . . ;0
� ��

þu �2st;i x;�2st;i x;0; . . . ;0
� ��

:

Proof. It follows from (2.3) and (2.4) that
kJmf ðxÞ � Jmþm0 f ðxÞk 6
Xmþm0�1

i¼m

4s�s;i

2n�1 Df 2ss;i x;2ss;i x;0; . . . ;0
� �

s
���� þ 4s�s;i

2n�1 Df �2ss;i x;�2ss;i x;0; . . . ;0
� �

s

þ 2s�t;i

2n�1 Df 2st;i x;2st;i x;0; . . . ; 0
� �

t�2s�t;i

2n�1 Df �2st;i x;�2st;i x;0; . . . ;0
� �

t
���� 6 Xmþm0�1

i¼m

UiðxÞ ð2:6Þ
for all x1; x2; . . . ; xn 2 X and m;m0 2 N.
From (2.1), (2.2) and (2.6), it follows that the sequence fJmf ðxÞg is a Cauchy sequence for all x 2 X. Since Y is complete,

the sequence fJmf ðxÞg converges in Y. Hence, we can define a mapping F : X ! Y by
FðxÞ :¼ lim
m!1

Jmf ðxÞ
for all x 2 X. Moreover, by putting m ¼ 0 and letting m0 ! 1 in (2.6), we get (2.5). From the definition of F, we easily have
DFðx1; x2; . . . ; xnÞ ¼ lim
i!1

1
2

4�siDf 2six1; . . . ;2sixn

� ��
þ 4�siDf �2six1; . . . ;�2sixn

� �
þ 2�tiDf 2tix1; . . . ;2tixn

� �
�2�tiDf �2tix1; . . . ;�2tixn

� ��
¼ 0
for all x1; x2; . . . ; xn 2 X. h
Theorem 2.3. Let s ¼ �1 or t ¼ 1. Suppose f : X ! Y is a mapping satisfying ð2:4Þ for all x1; x2; . . . ; xn 2 X with f ð0Þ ¼ 0. Then
there exists a unique quadratic–additive mapping F satisfying ð2:5Þ for all x 2 X.
Proof. The statement of this theorem follows from Theorem 2.2 except the uniqueness of F. Now, let F 0 : X ! Y be another
quadratic–additive mapping satisfying (2.5). Then
F 0ðxÞ � JmF 0ðxÞ ¼
Xm�1

i¼0

4s�s;i

2n�1 DF 0 2ss;i x;2ss;i x;0; . . . ;0
� �

s
�

þ 4s�s;i

2n�1 DF 0 �2ss;i x;�2ss;i x;0; . . . ;0
� �

s

þ 2s�t;i

2n�1 DF 0 2st;i x;2st;i x;0; . . . ;0
� �

t�2s�t;i

2n�1 DF 0 �2st;i x;�2st;i x;0; . . . ;0
� �

t
�
¼ 0
for all m 2 N.
From this and (2.5), we obtain
kFðxÞ � F 0ðxÞk 6 kJmFðxÞ � JmF 0ðxÞk

6
4�sm

2
kðf � FÞð2smxÞk þ kðf � F 0Þð2smxÞ
�

k þ kðf � FÞð�2smxÞk þ kðf � F 0Þð�2smxÞk
�

þ 2�tm

2
kðf � FÞð2tmxÞk þ kðf � F 0Þð2tmxÞ
�

k þ kðf � FÞð�2tmxÞk þ kðf � F 0Þð�2tmxÞk
�

ð2:7Þ



16 Y.-H. Lee et al. / Applied Mathematics and Computation 228 (2014) 13–16
for all x 2 X and all m 2 N.
It follows from (2.5) and (2.7) that
kFðxÞ � F 0ðxÞk 6
X1
i¼0

4�sm Uið2smxÞ þUið�2smxÞ
� �

þ 2�tm Uið2tmxÞ þUið�2tmxÞ
� �� �
for all x 2 X and all m 2 N. Taking the limit as m!1 in the above inequality and using the equality Fð0Þ ¼ 0 ¼ F 0ð0Þ, we can
conclude that FðxÞ ¼ F 0ðxÞ for all x 2 X. This proves the uniqueness of F. h

By the similar method used in the proof of Theorems 2.2 and 2.3, we prove the following corollary.

Corollary 2.4. Let p R f1;2g be a nonnegative real number. Suppose f : X ! Y is a mapping such that
kDf ðx1; x2; . . . ; xnÞk 6 h kx1kp þ kx2kp þ � � � þ kxnkp� �
ð2:8Þ
for all x1; x2; . . . ; xn 2 X and for some constant h P 0, where f ð0Þ ¼ 0 is assumed provided p ¼ 0. Then there exists a unique
quadratic–additive mapping F such that
kf ðxÞ � FðxÞk 6 1
j2p � 4j

þ 1
j2p � 2j

� �
hkxkp

n� 1
ð2:9Þ
for all x 2 X.
Proof. If p < 1 or p > 2, then this corollary follows from Theorem 2.3. In view of Theorem 2.2, if 1 < p < 2, then there exists a
mapping F satisfying DFðx1; x2; . . . ; xnÞ ¼ 0 for all x1; x2; . . . ; xn 2 X as well as (2.9) for all x 2 X with Fð0Þ ¼ 0.

Now, let F 0 : X ! Y be another mapping satisfying (2.9) with F 0ð0Þ ¼ 0. Using Lemma 2.1, (2.7) and (2.9), we obtain
kFðxÞ � F 0ðxÞk 6 2
j2p � 4j

þ 2
j2p � 2j

� �
2p�2
� �m

þ 21�p
� �m� � hkxkp

n� 1
for all x 2 X and all m 2 N. Taking the limit as m!1 in the above inequality and using the equality Fð0Þ ¼ 0 ¼ F 0ð0Þ, we can
conclude that FðxÞ ¼ F 0ðxÞ for all x 2 X, which proves the uniqueness of F. h
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[6] P. Găvruta, A generalization of the Hyers–Ulam–Rassias stability of approximately additive mappings, J. Math. Anal. Appl. 184 (1994) 431–436.
[7] D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 27 (1941) 222–224.
[8] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhäuser, Boston, 1998.
[9] K.-W. Jun, Y.-H. Lee, A Generalization of the Hyers–Ulam–Rassias stability of the Pexiderized quadratic equations II, Kyungpook Math. J. 47

(2007) 91–103.
[10] S.-M. Jung, On the Hyers–Ulam–Rassias stability of approximately additive mappings, J. Math. Anal. Appl. 204 (1996) 221–226.
[11] S.-M. Jung, On the Hyers–Ulam stability of the functional equations that have the quadratic property, J. Math. Anal. Appl. 222 (1) (1998) 126–137.
[12] S.-M. Jung, Hyers–Ulam–Rassias stability of Jensen’s equation and its application, Proc. Am. Math. Soc. 126 (1998) 3137–3143.
[13] S.-M. Jung, Hyers–Ulam–Rassias Stability of Functional Equations in Nonlinear Analysis, Springer Optimization and Its Applications, vol. 48, Springer,

New York, 2011.
[14] G.-H. Kim, On the stability of functional equations with square-symmetric operation, Math. Inequal. Appl. 4 (2001) 257–266.
[15] H.-M. Kim, On the stability problem for a mixed type of quartic and quadratic functional equation, J. Math. Anal. Appl. 324 (2006) 358–372.
[16] Y.-H. Lee, On the stability of the monomial functional equation, Bull. Korean Math. Soc. 45 (2008) 397–403.
[17] Y.-H. Lee, K.-W. Jun, A generalization of the Hyers–Ulam–Rassias stability of Jensen’s equation, J. Math. Anal. Appl. 238 (1999) 305–315.
[18] Y.-H. Lee, K.-W. Jun, A generalization of the Hyers–Ulam–Rassias stability of Pexider equation, J. Math. Anal. Appl. 246 (2000) 627–638.
[19] D. Popa, Hyers–Ulam–Rassias stability of a linear recurrence, J. Math. Anal. Appl. 309 (2005) 591–597.
[20] D. Popa, Hyers–Ulam stability of the linear recurrence with constant coefficients, Adv. Differ. Equ. 2005 (2005) 101–107.
[21] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Am. Math. Soc. 72 (1978) 297–300.
[22] F. Skof, Local properties and approximations of operators, Rend. Sem. Mat. Fis. Milano 53 (1983) 113–129.
[23] S.M. Ulam, A Collection of Mathematical Problems, Interscience, New York, 1960.

http://refhub.elsevier.com/S0096-3003(13)01260-5/h0005
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0010
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0010
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0015
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0020
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0020
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0025
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0030
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0035
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0035
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0040
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0040
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0045
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0050
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0055
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0060
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0060
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0060
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0065
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0070
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0075
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0080
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0085
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0090
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0095
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0100
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0105
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0110
http://refhub.elsevier.com/S0096-3003(13)01260-5/h0110

	On an n-dimensional mixed type additive and quadratic  functional equation
	1 Introduction
	2 Generalized Hyers–Ulam stability of equation (1.1)
	Acknowledgment
	References


